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Chapter O
What this Book Is, and What It Is Not

Thefield of communication and computer networksis bustling with activity. One
of the active areas falls under the rubric “ performance.” Researchers and devel-
opment engineers tackle systems that are huge, complex and fast; think of the
telephone network in the United States. The resulting models are, for the most
part, discrete-event, continuous time stochastic processes, technically known as
jump Markov processes. The objective is to anayze the behavior of these sys-
tems, with the goal of designing systemsthat provide better service. “Better” may
mean faster, less prone to error and breakdown, more efficient, or improved by
many other criteria.

Until quite recently, the tools brought to bear on these problems were appro-
priate for small, simple systems. Some of these methods take into account only
average behavior (or perhaps variances). But thisis often not enough, as the per-
formance of many systemsis limited by events with asmall probability of occur-
ring, but with consequences that are severe. Clearly, new tools are needed. Com-
puter simulation is one relatively new tool. But this method, for all its power, is
limited in that it usually does not provide rules of thumb for design, may not give
estimates on the sensitivity of resultsto various parameters, and can be extremely
costly in terms of both computer time and programming (especially debugging)
time. Analytic methodsclearly retain someadvantages. Thisbook isabout afairly
new analytic method called large deviations.

Large deviations is a mathematical theory that is very active at present. The
theory deals with rare events, and is asymptatic in nature; it isthus anatural can-
didate for analyzing rare eventsin large systems. The theory of large deviations
includes a set of techniques for turning hard probability problems that concern a
class of rare events into analytic problems in the calculus of variations. It also
provides a nice qualitative theory for understanding rare events. As an asymp-
totic technique, its effectiveness resides in the relative simplicity with which one
may analyze systems whose size may be growing with the asymptotic parameter,
or whose “conditioning” may be getting worse. The theory is often useful even
when simulation or other numerical techniques become increasingly difficult as
the parameter tends to its limit.

However, the theory is noted for being technically (mathematically) very de-
manding, and solving aproblemin the calculus of variationsisnot typically an en-
gineer’sdream. Although thetheory isbeing increasingly used for analyzing rare
eventsin large systems, thisis done by arelatively small number of researchers.
We believe that the reason for this state of affairsisthat thetheory isnot easily ac-
cessible to non-mathematicians, and thefinal results seem to require an additional
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tranglation to engineering lingo. Hence

Large deviationsis useful.
Large deviationsis formidably technical.
What's a student to do?

Herein is contained one point of view on what's to do. We devel op the theory
of large deviationsfrom the beginning (independent, identically distributed (i.i.d.)
random variables) through recent results on the theory for processes with bound-
aries, keeping to a very narrow path: continuous-time, discrete-state processes.
By developing only what we need for the applications we present, we try to keep
the theory to amanageablelevel, both in terms of length and interms of difficulty.
We make no particular claim to originality of the theory presented herein, except
for the material concerning boundaries, which isthe subject of Chapter 8. Most of
thetrailblazing work of Freidlin and Wentzell [FW], and of Donsker and Varadhan
[DV 1-DV 4] goes further than we do. Also, others have subsequently treated the
general theory much more thoroughly; e.g. Ellis[Ell], Wentzell [Wen], Deuschel
and Stroock [DeS], Dembo and Zeitouni [DZ], and the recent work of Dupuis and
Ellis[DEZ2]. Wehave, however, formulated acompl ete, self-contained set of theo-
rems and proofsfor jump Markov processes. Since our scopeislimited to aclass
of relatively simple processes, the theory is much more accessible, and less de-
manding mathematically. To enhance the pedagogical value of thiswork, we have
attempted to convey as much intuition as we could, and to keep the style friendly.
In addition, we present for the first time a complete theory for processes with a
flat boundary, and for some processes in a random environment. The level of the
book is somewhat uneven, asindicated in the dependence chart Figure 0.1. Thisis
purposeful—we believe that a neophyte would not want to read the difficult chap-
ters, and that an expert doesn’t want as much hand holding as a beginner.

We believe that our applications are important enough to require no apologies.
As Mark Kac said, “Theorems come and go, but an application is forever.” Our
applications cover large areas of the theory of communication networks: circuit-
switched transmission (Chapter 12), packet transmission (Chapter 13), multiple-
access channels (Chapter 14), and the M /M /1 queue (Chapter 11). We cover as-
pects of paralel computation in a much more spotty fashion: basics of job allo-
cation (Chapter 9), rollback-based simulation (Chapter 10), and assorted priority
gueuing models (Chapters 15 and 16) that may be used in performance model s of
various computer architectures.

The key word in the phrase “our applications’ is “our.” We present only our
own results concerning the applications. We do not synthesi ze existing theory ex-
cept in our narrow fashion for jump processes. We ignore possibleimprovements
in order to remain within the realm of those large deviations bounds that we actu-
aly use. For example, Anantharam’s beautiful results on the G/ G/1 queue[An]
are certainly relevant to the subjects we address, but his techniques are different.
We do not obtain the best resultsknown for jump Markov processes. Itiscertainly
arguable whether thisis awise choice. However, we wanted to present a consis-
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tent, fully worked out point of view, avoiding digressions. Furthermore, once a
student has learned the limited range of large deviations techniques we present,
he or she should find it a much simpler matter to read both more abstract and
completeworks, and understand more wide-ranging applications. By limiting our
range, we are ableto give compl ete proofsfor nearly all the results concerning our
applications. Wewere also ableto present a“bag of tricks” in the calculus of vari-
ations, which allows usto extract concrete information regarding these examples.
We try to remedy some of the narrowness of our point of view in the end notesto
the chapters and in the appendices.

Onalessdefensivenote, wefirmly believethat thelarge deviations of processes
should be taught first for jump Markov processes. Diffusions are complicated ob-
jects, and the student does not need the extra burden of a subtle process to hin-
der the understanding of large deviations. Discrete time presents another unnec-
essarily difficult process, because the jumps are usually more general than those
of the processes we consider. Furthermore, as we believe the book shows, there
are many interesting applications of jump Markov processes. After al, welivein
continuous time, and the events that occur in digital equipment are discrete.

As mentioned above, our book contains anew exposition of the theory of large
deviationsfor jump Markov processes, but does not contain any new theory except
for the results of §7.4 and Chapter 8. The applications contain many new results,
though, and new derivations of previously knownwork. The new resultsinclude:

e A large deviations analysis of the M/M/1 queue that includes a surprising
asymptotic formulafor

P (x(0) = ny, x(nt) = nz)

as n getslarge, where x(t) isthe queue size at timet (811.7).

e Fully proved large deviations principle for jump Markov processes with a flat
boundary (Chapter 8).

e Analysisof anew class of Markov processes, “finite levels,” for which both a
fluid limit theorem and a large deviations principle are proved (Chapter 8).

o New analysis of an Aloha multiple-access protocol, using finite levels theory,
gives the quasi-stability region for instant-feedback, continuous time Aloha
(Chapter 14).

e New resultsfor Erlang’s model:
Transient analysis from any initial load (812.5).
Transient analysis of afinite population model (812.7.A).
Analysis of bulk service (large customers) (812.7.B).
e Transient analysis of trunk reservation (812.8).
o New results for the AMS model:
e Analysisof bit-dropping models (§13.7).
e Calculation of buffer asymptotics for the multiple class case (§13.8).
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o Analysesof asimplepriority queue (815.1), “servethelongest queue’ (8§ 15.6),
and “join the shortest queue” (815.10).

o Simple analysis of the Flatto-Hahn-Wright queueing system (Chapter 16).
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Section 0.1. WHAT TO DO WITH THIS BOOK

0.1. What to Do with this Book

Thisbook can be used asabasisfor two types of one-semester courses. Thefirstis
anintroduction to the theory of large deviations, through jump Markov processes.
Thiscourse should cover most of Chapters 1, 2, 5, 6, Appendix D, and possibly the
advanced material in Chapter 8. Such a course would prepare the student to read
the more mathematical theory, and to fully appreciate the applicationsworked out
intherest of the book. It would be wise (in our opinion) to sprinkle such atheory-
oriented course with some of the applications.

The second course is application-oriented. Such a course should probably start
with Chapter 1 (at least §1.1-1.3), so that some flavor of the theory is provided.
Theresults of §1.4, 2.1, and 2.3, and of Chapters 5-8 can then be stated without
proof, with or without intuitive explanations. Some basic tools from the calculus
of variations, at least to the extent summarized in Appendix C, should be covered.
Then applications can be presented, according to the dependence chart shown in
Figure 0.1.

Chapter 3 providesan easy application of the basic theory, and can thus be used
to motivate the more general (and moretechnical) process-level theory. Chapter 4
summarizes some basic results concerning the Poisson process, and more gener-
ally jump Markov processes. Thereisnothing new in that chapter, but it isastrict
prerequisite for therest of thebook. Finally, in the appendiceswe collect, for easy
reference, some background material from analysis and probability theory.

In our judgment, the prerequisites for such courses (and for reading the book)
are probability and analysis at alevel of first-year graduate courses for engineer-
ing students, or senior-level coursesfor students of mathematics. The applications
course can be done with much less background, provided the student iswilling to
believe the material as summarized in the appendices. However, some mathemat-
ical maturity (even affinity) is required.

0.2. About the Format of the Book

There are four types of exercisesin the book. Some resultsthat are easy to prove,
important but not central to our development are presented as exercises. In some
cases, extensions are relegated to an exercise when they are deemed not-too-hard
but long; thisissimply to save space. Examplesand special casesare given as ex-
ercises, and areintended to help build intuition, or clarify atechnical point. These
exercises are an integral part of the text, and should at least be read, preferably
solved. Thelast type of exercises are marked JFF (“just for fun”). The end of an
Exerciseis marked thus: o

There are two counters in the book: one for equations, one for all theorems,
propositions, lemmas and corollaries, exercises, examples, figures, assumptions,
and definitions. Equation numbers are written as (Chapter-Number.Equation-
Number), and other numbers as Chapter-Number.Number. References appear in
square brackets| ], and we use either thefirst two letters of the author’slast name,
or—in the case of multiple authors—all initials. Conflicts are resolved creatively.



Chapter 0. WHAT THIS BOOK IS, AND WHAT IT IS NOT

The index identifies definitions by bold page numbers, and includes the fre-
guently used symbols.

We often wish to make a comment, or expand on a particular topic, in such away
that the reader may feel free to skip the comment, but will know that it is there.
Thisishow wedo it: in small type, in anarrow paragraph.

0.3. Acknowledgments

This project spanned many more years than we had ever anticipated. Inthecourse
of those years we have had help from many, many people. Preeminent among
them are Armand Makowski, Debasis Mitra, and S.R.S. Varadhan. Debasis was
steadfast in his support: moral, financial, and technical. He believed in us when
we weren't sure we believed in ourselves. This project would never have been
done without him. And we would never have gotten into the field (it is not cer-
tain that there would be much of afield to get into!) without Professor Varadhan.
It was atremendous comfort to know that there was no technical point, however
difficult or subtle, that could not be answered almost instantly by asimple visit to
NYU. Armand Makowski not only introduced us, and not only is he responsible
for stating that the world would benefit from lecture notes on queueing applica-
tions of large deviations, but he can also be held accountabl e for doing something
about it. With the support of John Baras, Armand arranged asabbatical at the Sys-
tems Research Center where afirst draft of these notes was hammered out by AW,
and provided a sabbatical at the Systems Research Center where, somewhat un-
expectedly, most of the time of AS was devoted to this project.

There are many more people who have helped over the years. Robert J. Van-
derbei was, for a time, a coauthor of the book, and one appendix still bears his
sole authorship. Several “field tests’ of these ideas were graciously hosted by
Armand Makowski at the University of Maryland, College Park, by Elja Arjas
and the Finnish Summer School, and by Sid Browne and the Columbia Business
School and Department of Mathematics. Within Bell Labs and the Technion, our
home insgtitutions, it seemsthat nearly everyone had something to contribute. No-
table among those were co-large deviants Ofer Zeitouni and Amir Dembo. Also,
Marty Reiman was a constant source of technical wisdom, moral support (what
do you mean you aren’t done yet?), and was an inval uable asset in transportation
and living accommodations. Howard Trickey was our accessible TeX wizard, and
justified histitle handsdown. Thanksalsoto Andrew Trevorrow for long-distance
TeX help.

There were many students and coll eagues who gave suggestions and feedback
on everything from typosto approach, from early draftsto thefirst printing of this
book. They include also those attending several courses given at the Technion,
aswell aslectures delivered at AT& T. We are particularly grateful for comments
from Laurence Baxter, Henri Casanova, Hong Chen, Bill Cleveland, Ed Coffman,
Amir Dembo, Amanda Galtman, Leo Flatto, Ben Fox, Predrag Jelenkovic, Ariel
Landau, Armand Makowski, Colin Mallows, Bill Massey, Jim Mazo, Debasis
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Chapter 1

Large Deviations of Random Variables

This chapter can be viewed as a guided tour through basic large deviations. Fol-
lowing a heuristic exposition, we derive large deviations estimates for random
variables. We provide proofs when these provide insight, or are typical; other-
wise, we provide references. The modern tools and approaches, especially those
that have proved useful for the applications, are discussed in Chapter 2 and Ap-
pendix D.

The main results, Theorems 1.5, 1.10, and 1.22, aswell as the computations of
Examples 1.13-1.18 and Exercises 1.6, 1.17-1.25, will be used heavily through-
out the book.

1.1. Heuristics and Motivation

Estimates of probabilities of rare events turn out to have an exponentia form;
i.e., these probabilities decrease exponentially fast as a function of the asymp-
totic parameter. To motivate the exponential form of the large deviations esti-
mates, consider thefollowing examples. Let x1, X2, . . . be asequence of indepen-
dent, identically distributed (i.i.d.) random variables with a common distribution
function F and finite mean. Fix anumber a > [Ex;. Now the probability that
X1+ -+ Xp > naisclearly decreasing in n in along-term sense, since by the
(weak) law of large numbers

X X
P( 14+ Xn

. za)—>0asn—>oo.

The next question would be: How fast does this probability decrease? Let us per-
form some quick calculations. First, if for someinteger k,
Xjk+1+ ... +Xj+pk = ak foral j=0,...,(n/k) -1,

then clearly X1 + - - - + Xp > na. Therefore
|P<X1+"'+Xn za)
n
> P (Xjke1 + ...+ XG4k = ak foral j=0,...,(n/k — 1)

= (PXg+...+ x> ak)Vk

by independence. Thisimmediately impliesthat therate of convergenceisat most
exponential. On the other hand, for any positive 6, by Chebycheff’s inequality

9
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(Theorem A.113),

P X1+ + X = na) = P (0t > gfna)

< e—enaEeQ(x1+~~-+xn)
n
e—fna (Eef)x1>

_ (e_ga[Eeg’“)n

by independence. For theright choiceof 6, thisexponentia expressionisdecreas-
ing:

Exercise 1.1. Show that if a > Ex > 0 and if Ee’* < oo for al |6| small, then
e P2Ee’ < 1 for somed. Hint: compute dEe’*/d6 at 6 = 0. 'y

Thus, probabilities should decay exponentially inn. The questions are: Do the
ratesin the upper and lower bound agree, and if so, how do we compute the right
exponent? In 81.2 we show that they are indeed the same, and give a formula.
In 81.3 we compute several examples. Anticipating the shape of things to come,
the arguments indicate that

n
P (Z X > na) = e Nt@-+om (1.1)

1

where the function ¢ depends on the distribution F. For the meaning of o(n) see
Definition A.14.

Hereisanother view that somefind quite intuitive. If, indeed, X1 + - - - + X, > an,
then probably x1 + --- + X, ~ na (for an illustration see Exercise 1.2 below).
Moreover, it is likely that this happens by nearly-equal splitting, i.e, x3 + ... +
Xn/2 A~ an/2 and Xn/241) + ... + Xn ~ an/2, with an error of order \/n. (This
issue, of how improbable things happen, is explained in later chapters.)

Exercise 1.2. Show that in the case of fair coin flips, if x isthe number of heads
obtained in n flipsand 0.8n is an integer,

E(x—O.Sn‘ x30.8n>—>% as n— oo,

and does not grow with n'! Hint: (g 4) ~ 7 - (o'30)- '

Exercise1.3. Comparethe chancesof obtaining (1/2+«)-n headsinn coinflips,
with0 < @ < 1/2inthefollowing twoways: (i) by getting two seriesof n/2flips,
eachwith «-n/2 headsmorethan expected. (ii) by obtaining the additional headsin
one series of length n/2 with the other series being “normal.” Hint: use Stirling's
formula )
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These heuristicsimply that, for large n, we have the rough estimate

n n/2 n n n
[P’(lexi zan) ~P (lexi > a5, Z Xi zaE)

n/2+1

s

Similarly, for any k much smaller than n,

P (320 zon) < [p (S50 =)

If we could choose k to be linear in n, we would see that this probability decreases
exponentially fast. However, in general,

n
P (Z X > an) % [P(x1 > @)
1

[for Bernoulli random variableswith a = 1/2, the left-hand side is 1/2 while the
rightis (1/2)™]. Thustheinteger k above cannot quite grow linearly with n. This
indicates that indeed (1.1) is to be expected, and that the “error term” o(n) cannot
be omitted.

Let usnow illustrate some of theideas from adifferent angle. To avoid techni-
cal difficulties, assumethat thedistributionfunction satisfies F (1) = 0, F(2) = 1.

Let n 2 Fxg and o = [Elogxs. Then
E(Xg-X2---Xn) = pu™
Let us estimate this expectation in a different way. Write
E(X1-X2---Xpn) = E(exp(ogxi + ...+ logXn))

_ [E(expn<|0gxl+"'+|09xn)). (1.2

n
By the strong law of large numbers,

E (Iogx1+ n+ log Xn N a) _1

sothat we expect [E(X1-Xz - - - Xn) to grow exponentially, roughly ase"*. However,
by Jensen’sinequality (A.11),

" A Ex; = Felooxi o oElogxs _ oo |
Clearly, the law of large numbersis not precise enough to estimate this expec-

tation. Indeed, in this case we cannot expect convergence w.p.1 to imply conver-
gencein expectation, since weare taking expectations of something that may grow

11
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quickly. Hereis arefinement that will consolidate the two calculations. Suppose
that, as in (1.1), we have an exponential estimate for the density of the sample
averages of the sequencelogxy, logxo, ...

P (a - logxq + n + log xn

<a+ da) ~ e M@ da

for some non-negative function ¢, and supposethat £(a)/|a] — co as|a| — oc.
Then

[E(xl-xz---xn):[Eexp<n- -

~ /enae—nZ(a) da = /en(a—ﬁ(a)) da.

Iogx1+---+logxn)

Suppose the maximum m 2 sup4(a — £(a)) isattained at some point and write
/ QN@—L@) ggq — M / QN@—L@-m) 4q

By the assumptions on ¢, a — ¢(a) divergesto (—o0) as|a] — oo, sothatitis
strictly negative outside a finite interval. Thus, the integrand in the last integral
goes to zero (exponentialy fast) asn — oo, except where the maximum is at-
tained, so that

E(X1-%2 - - Xn) < €M™

foral ¢ > 0and al n large. By looking at the pointswherea — £(a) > m—¢
we have
E(X1- X2« Xn) = ™)

for every positive ¢ (this idea of estimating the rate of growth of an integral by
considering the maximum of the integrand is called Laplace’'s method). We sum-
marize these two inequalities using the notation

E(X1-X2---Xn) < exp (n : sm;p(a - E(a))) , (1.3

where the meaning of = isthat the left-hand side grows exponentially fast, with
rate sup,(a — £(a)). We will find in 8§2.2, as part of the derivation of large de-
viations estimates, that sup,(a — ¢(a)) = logu, giving the correct exponential
growth rate.

But thisisjust aformal calculation, and you are probably asking yourself now,
“How can thisbe? | know that the meanis ", and I’ ve seen that the strong law of
large numbersimpliesthat the mean isalmost surely near e*", but how do | recon-
cilethetwo?’ Let’s consider what would happen if you would actualy try to run
an experiment to estimate [E(x1 - X2 -+ - Xp). You would collect n samples of the
Xi , and then eval uate the product. You would undoubtedly (law of large numbers)
come up with anumber intherange of e*". Repeat the experiment, and theresults
would be similar. However, after agreat many experiments, you would come up
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with an unusually large observation—say something near 1". This observation
is so large relative to the others that it completely dominates the mean you have
been keeping, so that all of asudden the mean lookslike 1" even though only one
observation was of that order. Now what keeps an even more colossal observation
from skewing further the observed mean? The answer isthat it istoo improbable
for it to happen often [remember £(a) grows quickly with a]. It will happen so
rarely, that enough observations have been taken to completely dilute the effect
of the “extralarge’ observation. This is the tradeoff we see between £(a) (“the
probability”) and a (“the size”), and is the reason that sup,(a — ¢(a)) istheim-
portant quantity. It aso servesto demonstrate that, sometimes, rare events are the
most important to determine what's going on.

Stock and investment models

The last example has more than purely theoretical or pedagogical interest; it has
monetary applications. Consider that investments usually pay an amount propor-
tional to the investment. Suppose that an investment isrisky; to be precise, an in-
vestment of one unit at the beginning of thei™ period yields x; units at the end of
the period [which is the beginning of the (i + 1)™" period]. Hence, after n periods,
the value of aunit investment made at the beginning of the first period is i, X .

How should we value an investment? This is a complicated question, but we
have just seen that the return after a large number of periods is most likely to be
near exp (nE logx;), not near E [{_; x;. Optimal investment strategies are based
on this and related observations. See Kelly [KeJ], Algoet and Cover [AC], and
references therein.

Beyond deviations from the mean.

Sanov’s Theorem, introduced in 82.4, takes us one step up to “Level 2 Large De-
viations.” The question we ask thereis. What do the random variables x1, Xo, ...
look like when they do make a big excursion (such asmaking i, x; > n")? It
turns out that they all ook like they are sampled from a “ tilted distribution,” one
for which E logx = log . In other words, the product becomes large because of
conspiracies, not because of outliers. This conspiracy is avery rare occurrence,
but when it occurs, its effect is huge. Thisis captured by the balance between the
size of the effect €, and the rarity e "®, Whereasin §1.1 we ask “How likely
isit for the sample mean to deviate from the ensemble mean?,” Sanov’s Theorem
addresses the question “How likely is it for the empirical distribution to deviate
from the true distribution?’ But let us establish first things first.

13
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1.2. 1.1.D. Random Variables

Chernoff’s Theorem establishes (1.1) for i.i.d. random variables. The proof con-
sists of an upper bound and a lower bound. The upper bound is just a parame-
terized version of Chebycheff’sinequality (A.9) applied to the function €’X. The
lower bound uses achange of measure argument much asinimportance sampling.
Theseideas generalize to random vectors and to processes, and will beusedin al
our large deviations proofs.

So, consider asequence X, Xo, . . . of i.i.d. random variableswith common dis-
tribution function F, and assume the mean Ex; exists. Define

M(©) = Ee?X (1.4a)
¢(@) = —log (igf e—9a|v|(9)) = sup(Pa — logM (6)) . (1.4b)
0

M () isthe moment generating function of the random variable x1. The function
log M (0) is called the logarithmic moment generating function or cumulant gen-
erating function of x1. Note that £ is non-negative [put & = 0in (1.4 b)] and
convex (by Theorem A.47, being the supremum of linear, hence convex func-
tions); see Proposition 5.10, 85.2. The transformation applied to log M in (1.4b)
isvariously called the convex transform, Fenchel transform, Legendre transform,
or Cramér transform.

A
10

Figure 1.4. The ¢-function: computing the Legendre transform.

By Exercise A.92, if the supremum in (1.4) is attained at apoint 6* in the interior
of the interval where M (9) isfinite, then M (9) isdifferentiable at 6*, so that

¢@) = —log Ee” *1~) (1.5)

Theorem 1.5. Consider the sequence X1, Xo, ... of i.i.d. random variables. For
every a > [Exq1 and positive integer n,

P(X1+ - + Xy = na) < e M@, (1.6a)
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Assumethat M (0) < oo for 6 in some neighborhood of 0 and that (1.5) holds for
some 0* in the interior of that neighborhood. Then for every ¢ > 0 there exists
an integer ng such that whenevern > ng,

P(X1+ - -+ + X > na) > e "E@+e) (1.6b)
Equations (1.6a)—(1.6b) imply that
P(Xy+ -+ Xy > na) = g nt@-+om) (1.60)

Remark. This result holds, in fact, for i.i.d. random variables without any as-
sumptions. The general case is proved using an approximation argument; see,
e.g., Chernoff [Ch], Dembo and Zeitouni [DZ §2.2] and Theorem 1.10 below.

Proof. By virtue of Exercise 1.6 below, it suffices to establish the result when
Ex; = 0. The upper bound is proved using an exponential estimate. First fix
6 > 0.

P(X1+ -+ X = na) < P (e"(xl+"'+xn> > eena) e’* isincreasing
< e—enaEee(x1+~~~+xn) Chebycheff
n
= (e_ea[Eee"l) independence.

Equality in the first relation holds whenever 6 > 0. Since# > 0 was arbitrary,
taking the infimum would yield (1.6a) provided we show that we can ignore neg-
ative values of 0 in (1.4b).

By Jensen’sinequality,
M@©) = Ee’* > gff% — 1
foral 6. Thus, sincea > O,
e ?2M@©®) > 1foro < 0,

with equality for & = 0. Therefore in computing the middle term of (1.4), we can
restrict the range of theinfimumto 6 > 0, i.e,,

infe %2M©) = inf e ?2M ().
6 6>0

This completes the proof of the upper bound (1.6a).

Thelower bound is established using achange of measure (if you are unfamiliar
with the idea of a change of measure, see 8A.4). Let F be the distribution of x;.
Then G, defined by

X
G(X) = [M(Q*)]_l/ &Y dE(y), 1.7

—0

15
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is anew distribution function (check!) (G isthetilted distribution referred to at
theend of §1.1). For any real «, we clearly have

P(x1 > a) =/OO 1[y = o] dF(y)

—00

(o]
2/ 1ly > o] e Y&V dF (y)

—0o0
o0
=M(9*)/ 1[y > a]e Y dG(y)
—00
by the definition of G. Applying thisideato the left-hand side of (1.6b),

[P’(X1+---+xnzna)=/---f1[y1+---+ynzna]dF(yl)---dF(yn)

:/“‘/1[y1+-~+yn > na] e ¢ V1t +¥n)

x & VLdF (y) - & dF (yn).
Changing to the measure G, we have, for any ¢ > 0,
P(X1+ -+ Xn > na) (1.8a)

- [M(e*)]n/'“/l[er o4 yn > na] e Ot
dG(y1) - --dG(yn)

>[ME"]" / T / Un@+ &) > Y1 +- - + Yo > nal @ r+-+yn)
dG(y1) - - - dG(yn)

> [M(6*)]" e " @+ / . / In@+e)>yi+--+yn > nal

dG(yy) - - -dG(yn).

Let X1, ..., Xn bei.i.d. random variables, distributed according to G. Then the
probability in the first expression of (1.8a) is bounded below by

[M@E*)]" e @+IP (n@a+¢) > K1+ - + % = na). (1.8b)
We now provide a lower bound for the probability on the right of (1.8b). First,

since M (0) is finite in a neighborhood of 6%, it is differentiable there by Exer-
cise A.92. Therefore

n

G MEn = Ex]e?™ <00, n=12...

and, in particular,
A Exfeg*xl
M%)

o2
EXT
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Sinceinfy Ee?*1—® — Fef* (14— gnd it is differentiable, the derivative vanishes
at 6*, so that

E(x; —a)e ®1=@ —0, or Exe’™ =aM@*).

Thisimplies that the change of measure puts the mean of X exactly at a since
Ex, = / ydG(y) = [M(G*]_lf ye’ YdF(y) = a.

Consider the sumin (1.8b) of thei.i.d. random variables Xy, . . ., X,. Since these
random variables have mean a and finite variance, the central limit theorem A.112
implies

n
P(n(a+e/) > K+ 4+ Xn zna) :P(Jﬁs/z %Z(fq —a) zO)
i=1

1
—= a n-— oo.
2
Let ng be such that the probability exceeds 1/4 whenever n > ng (clearly ng de-

pendson ¢’). Then for n > no,

1 —0*a S LY,
P(X1+~~+xnzna)zz[e M (6 )] e’

1 % g
— _e—nﬁ(a)e—ne g

Now since 9* > 0 (why?) wecan choose ¢’ sothat (1/4)e """ > 9" \when-
ever n > ng. Thisproves (1.6b-1.6c). |

Exercisel.6. Lety; 2 Xj +y foreachi > 1, where y isafixed constant. Express
the moment generating function My and the Cramér transform £, of itslogarithm
in terms of My and £x. Write Theorem 1.5 for ys, yo, ... and conclude that the
Zero-mean assumption on X1, X2, . . . iswithout loss of generality. )

Exercise1.7. Assume {(a) iscontinuous, and re-derive the lower bound without
invoking the central limit theorem. Hint: use the law of large numbers. )

Exercise 1.8. Let yy, Yo, ... be independent (but not necessarily identical%dis—
tributed!) random variables so that for al i and M, P(|y;| > M) < e "™ for
somer > 0. Then there exists a continuous function f (&), which depends only
onr, sothat for al ¢ > Owehave f(¢) > 0Oand

n
P(Z(yi—[Eyi)

i=1

> ne) < g i),

17
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Hint: compute separately for the case that the sum is larger than ne and smaller
than (—ng), and start with the zero-mean case. Use Chebycheff’s inequality as
in the proof of Theorem 1.5. Prove Ee!?¥il isfinite for all & small, uniformly in

i. Use Exercise A.92 to conclude that the functions f; (¢, ) = e % Ee?¥ have
continuous derivatives (of al orders!) near (¢,6) = (0,0). Now use a Taylor
expansion inthetwo variables ¢, 6 to second order and set ¢ = 6. Obtain abound
of the form (1 — c2)" with ¢ > 0 that holds for small ¢. )

Remark. To compute P(X1 + --- + Xn < na) for a < E(Xp), note from (1.4)
that the ¢-function for the sequence —x1, —Xo, ... is equal to the £-function of
X1, X2, ... withthesign of itsargument reversed, so that, for a < 0, by Chernoff’s
Theorem,

P(x1 + - - - + Xn < Na) = e M@+

A more detailed statement of alarge deviations theorem in R1 and under weaker
conditionsis given in Theorem 1.10 below.

Theorem 1.5 gives us an estimate of the probability that the sample mean lies
inthe half-lineabovea > [Ex;, and the remark extends thisto the half-line bel ow
[Ex;. Thiseasily extends to more general sets. Define the real-valued function J
onsets Sin R by

OE inf ¢(@.
ae

Corollary 1.9. Assume M (0) < oo for 6 in some neighborhood of zero. Then,
for every open set S and positive integer n,

P (W e s) = e (S Tom,

Notethat such aresult isnot possible for closed sets. in particular, single points
are closed sets, and if x1 possesses a density, then the probability that the sample
mean isin the set is zero.

For a proof of this corollary see Dembo and Zeitouni [DZ]. Hereis a heuristic
argument (when [Ex1 = 0). An application of Jensen’sinequality (to the convex
function (— log«): use the definition of £ with 6 fixed) showsthat £(0) < 0, and
since ¢ is non-negative, £(0) = 0. Thus the result is just the weak law of large
numbers if (0 =)Ex; € S. Now £ is non-negative and convex, so that it isin-
creasing for x > 0 and decreasing for x < 0. But then thereisa point, say a, in
the closure of Sso that ¢(a) = J(S). Since Sisopen, thereisaninterva in S
whose endpoint isa. The argument of the lower bound now applies, since (1.8)
usesonly asmall interval, so that the same lower bound holdsfor all open setsfor
which a isaminimum point. For the upper bound, enclose S by the two smallest
semi-infinite intervals (—oo, a~] and [a™, oo) and apply Theorem 1.5.

Actually, this discussion is generic in that lower bounds are usually proved lo-
cally, while upper bounds are established by increasing the sets.
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The one-dimensional caseisuniquein that the upper bound holdsfor open sets.
Thetypical large deviations statement consists of an upper bound for closed sets
and alower bound for open sets. Hereisthe best result for i.i.d. random variables,
stated in generic large deviations form. For a proof, see [DZ 82.2].

Theorem 1.10. Let Xy, Xo, ... bei.i.d. random variables. Then the function ¢ de-
fined in (1.4) is convex and lower semicontinuous. For any closed set F,

n—o00

1
limsup—log P (u € F) < —inf ¢(a)
n acF
and for any open set G,

1
|iminf—|og[|>><u c G) > _ inf £().
n acG

n—oo N

Note that no conditions, not even existence of the mean, are required.

1.3. Examples—I.1.D. Random Variables

In some cases, notably exponential families, the function ¢ of (1.4b) can be cal-
culated explicitly (see, e.g., [MN]). We now present some simple calculationsin
order to develop afeeling for the scope of the large deviations estimates.

Example 1.11: Normal random variables. Let X1, Xo, ... be standard normal
random variables. Then

1
M (@) = T / Ve~V dy = e3°”
JT

by completing the square in the exponent, so that £(a) = sup, (fa— 3602) = 3a2.
Thus Chernoff’s Theorem states that, for any a > 0,
P(xy + -+ Xn > na) ~ e 28",

In this case, we can also perform a direct calculation: X3 + - - - + X iSanormal
random variable distributed as ,/nx1, so

P(x1+ -+ Xn > na) = P(x1 > v/na)
1 00
N E J/na
Using an estimate of thisintegral [Mc, p. 5],
1
y+y?

1
e 3t dt.

0
1,2 142 1 1.2
e 2y </ e 2dt < —e"2Y",
y y

we obtain
1.2
e—nza

1
V27na ’

P(x1+---+Xn>na) =~
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whichisin agreement with the exponential order of the large deviations estimates.
Thefact that 1/./n appearsis also generic, as will be seen in the sequel.

£(X)

0 I I T I I X
-3 -2 -1 0 1 2 3

Figure 1.12. Therate function for Standard Normal random variables.

Example1.13: Poisson random variables. Let x; be Poissonwith mean A. Then
M) = e*-D andfora > 0, 8* = log(a/+). Thus

L(a) = a(log (;) — 1) + A,

and £(0) = A, £(a) = oo fora < 0, with |§*] = oo inthe last two cases. Thus
Chernoff’s Theorem implies, for a > A,

a\ —ha
P(Xy+---4+%Xn > na) = (X) e~ N(—a)t+o(n)

L et uscomparethiswith adirect estimate. Since X1+ - - -+ Xp, isaPoisson random
variable with mean na,

[ele] i na
(D LS (175 LY
P(x .-+ Xp>na) = E e ~ e
(X1 + + Xn > na) pa i (nay!
j=na
(nyna —n
2rna(na)™@e—na

_ 1 (E)‘”a e—NG—2)
2rna

A

using Stirling’s formula, and the factor 1/,/n appears again.
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£(x)
(o]
1.5 —
1 —
0.5
0 T T T T T —® X
0 1 2 3

Figure 1.14. Therate function for Standard Poisson random variables.

Example 1.15: Bernoulli random variables. Let x; take values zero and one
with probability 1/2. Then M(9) = 3 (1+¢’). When § < a < 1, straightfor-
ward calculus shows that 6* = loga — log(1 — a), so that in thisrange

{(a) = —log (e‘ae* M(@*)) =aloga+ (1—-a)log(l —a)+log2. (1.9
Chernoff’'s Theorem thus implies that, for 1/2 < a < 1,
[P’(Xl +e Xy > na) — e—nZ(aH—o(n) — 2—na—na(1 _ a)—n(l—a)eo(n).

We can obtain an estimate in adirect way, by approximating the binomial coeffi-
cient using Stirling's formula:

_ X”: (n)z_n - n! o1
. j (na)!(n — na)!

~ 27"/2rn(n)"e ™"
X ( 2rna(na)"e ", /27n(1 — a)(n(1 — a))n(l—a)e—n(l—a))_1
= (Vornai-a)

Theformulafor M immediately impliesthat £(a) = oo whenevera < Oora > 1,
and £(0) = £(1) = log 2, with |6*| = oo in al these cases. Chernoff’s Theorem
tellsusthat P(xy + -+ Xnp > na) < e " =Owhenevera > 1. For,a=1

n
the theorem implies P(Xq + - - - + Xp > N) = (%) e®M 'which is quite close to

! 2—na—na(1 _ a)—n(l—a).

the exact probability (%)n

21
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£(x)
o0 (e0]
0.75 —
0.5 —
0.25
0 ‘ T ‘ % X
0 0.5 1

Figure 1.16. Therate function for Bernoulli-1/2 random variables.

Exercise 1.17. For Bernoulli random variablesby, by, ... with P(bj = 1) = p,
l-a
1-p

E(a):alog%+(l—a)log )

Example 1.18: Exponential random variables. Let x; be exponential random
variableswithmean 1. Then M (@) = 1/(1-0) for6 < landisinfiniteotherwise.
Therefore 6* = (a — 1)/a whenever a > 1 and then

{(@ =a—1-—loga.
Chernoff’s Theorem states that for a > 1,

P(X1+ - - + X > na) = a"e "@-Db+om

£(x)

(0]

3_

2_

1_

0 T T T T % X
0 1 2 3 4 5

Figure 1.19. Therate function for Exponential random variables, rate one.
Exercise 1.20. For exponential random variables with parameter A (mean 1/1),

6(a) = £(ar).
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Interpret this as atime change. )

From the examples, the following should be expected.
Exercise 1.21. Let c bethe constant that isthe greatest lower bound for arandom
variable x; that is, P(x < ¢) = 0andP(x < c+¢) > Oforal ¢ > 0. Then
f(a) = oo fora < c. Moreover, £(c) < oo if and only if P(x = ¢) > 0. Hint:
take ¢ = 0, use dominated convergence, then extend by Exercise 1.6. )

1.4. 1.1.D. Random Vectors

Large deviationsin RY are much more complex than in R1. The main reason for
thisisthat open and closed sets are more complex. Fortunately, these results are
not needed in the development of our theory. Sticking to our principle of proving
just what we need, let us state a reasonable large deviations result, and provide
rough intuition about away aproof might go. A modern approach to this problem
isdiscussed in 82.1.

Consider the R9-valued i.i.d. random vectors X1, X2, . . . with (vector) mean 0.
Now let 6 € RY and define (see Example A.8 for the notation)

M @) = Eel®-%1) (1.10a)

€@ = —log (igf e 0.8 M(é)) — sup ((5, a) — log M(é’)) . (1.10b)
§ i

Define J asin Corollary 1.9, but for sets Sin RY. That is,

ICE inf @), (1.11)
ae

Theorem 1.22. Assume M(é) < oo for al 6. Then, for every closed set C and
e > 0, there exists an integer ng such that, whenever n > ng,

. <Ln+xn . C) < e NI©)—0) (1.12u)

and for every open set G ande > 0, there existsan integer ng stuch that, whenever
n > N,

P (M c G) > e NU(G)+e) (1.121)
n

The proof of this theorem in RY is much more involved than in R1. Further-
more, the “weakest assumptions’ possible in RY are much more restrictive than
in RY. See, for example, §D.1, [DZ] and the remarks in §1.5 below. Although
modern proofsrely on the technique of 8D.1, we outline the extension of the one-
dimensional argumentsto RY.

23
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The lower bound in R was based on estimating the probability of the sample
mean being in a small interval around the point where ¢ is smallest. A similar
argument works in the d-dimensional case: we need to consider small neighbor-
hoods, or balls, around the minimizing point.

Exercise 1.23. Generalize Exercise 1.7 to RY. P

for somed € RY anda > 0. Then % 2 (&, %;) arei.i.d. and

u c Hs,a — H—_{—n > a.

n n

Exercise1.24. Assume iscontinuousand finite. Provethe upper bound for con-
vex setsin RY. Extend the proof to finite unions of convex sets. Hint: use Cher-

noff’s Theorem for X1, Xo, . ... Notethat £ is convex as explained below (1.4) so
that C, 2 {X : £(X) < J(C) — ¢} is convex, and has empty intersection with C.
Therefore there is a half-space containing C that does not intersect C,. )

The following calculation will be used for our Poisson processes. It follows
from (1.10)«1.12).

Exercise 1.25. Suppose yij arei.i.d. with yjj £ Pois(1j). Define

J
S A ~
Xj = Z Yij €.
j=1
Show that ¢(a) defined in (1.10b) has the form

¢@ = sup (9. 8) — 9@)) (113)
0

where g(6) = log M () is given by
- J - =
9@) =Y 4 <e<9,ej> - 1) . (1.14)
=1

Consequently, Exercise 1.24 implies that

X14--+Xn .

lim lim 1 IogP(
n n

el0N—00
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1.5. End Notes

While the one-dimensional case is simple enough to make the ideas clear, it can
(for the same reason) lull the reader into unwarranted carelessness. We conclude
this chapter by identifying some potentia pitfalls, and then discussing related
works and possible extensions.

One-dimensional caveats

Thereader should be aware of several delicatepoints. Some of these arediscussed
in Chapter 2 and Appendix D.

1. Properties of the rate function.

a. Convexity. Thecalculationsin Chapter 1 show that rate functionsfor random
vectorsare convex. This (unfortunately) does not extend to rate functionsfor
processes, as will be seen in Chapter 5.

b. Semicontinuity. The calculations in Chapter 1 show that rate functions are
lower semicontinuous. Recall that this means that liminfy_,y £(X) > £(y),
so that ¢ can only jump down. When we formulate, in §82.1, the “ axiomatic”
large deviations principle, we shall requirethat rate functions be lower semi-
continuous. There are several reasons for this restriction. Under this con-
dition there is a convenient, equivalent formulation of the upper bound (see
Lemma 2.11), and it guarantees uniqueness of the rate function (82.1). This
condition also makes the upper bound for closed sets particularly easy to
prove. Inaddition, itimpliesthat if aratefunctionisstrictly positive at every
point of a compact set, then the probahility of that set decays exponentialy
fast (lower semicontinuous functions attain their minimum on compact sets).

¢. Compact level sets. The examples in Chapter 1 show that ¢ possesses com-
pact level sets, i.e., the sets

XX = o}

are closed and bounded for each «, if and only if the probability that the ran-
domvariable actually takesits smallest possible valueis zero: Exercise 1.21.
In particular, these sets are closed, which implies lower semicontinuity—see
Definition A.28 and Exercise A.29. The compactness condition is necessary
in order to establish the important contraction principle (82.3). Thisisillus-
trated further in 82.3. In Chapter 7 we provide an example of anon-negative
birth-death process with constant drift (—1) for x > 0, but with the cost (in
terms of the rate function) of going from 0 to oo being finite. It is easy to
show that the process will explode (transition to infinity) if allowed to run
for along enough (finite) time.

2. Difficultiesin higher dimensions. Inone dimension, the use of Chernoff’sThe-
orem for semi-infinite sets actually provides enough control to estimate the
probability that

A
Zn=X1+---+Xn/n
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isinafairly arbitrary set. In higher dimensions, it is more complicated to es-
timate this probability, because the topology is more complicated. Thus we
need stronger assumptionsin RY whend > 2.

3. Difficulties of processes, as opposed to finite dimension. Processes can be
viewed, if you are so inclined, as random variables with values in some (in-
finite dimensional) space of functions. The topology that troubled usin RY is
simple compared to the topology in function spaces. In this book we restrict
our attention to particularly simple processes: jump Markov processes, where
the topology iswell understood. Thistopology isdiscussed in 8A.1.

Extensions and relationsto other methodologies.

Extensionsand generalizations of theresults of Chapter 1 arediscussed in Chapter
2 and Appendix D. Let us now mention briefly some extensions that will not be
touched upon.

The only type of large deviations estimate we obtain in thisbook is on the order
of

Pn(S ~e ',

Thisisonly thefirst termin an asymptotic expansion, though. Using formal meth-
ods such as WKB expansions, one finds [Ol] that the series usually continues as
follows:

1
[P)n(S) ~ nd/ze nl (S)+C+O(l/n) ,

where d is the number of dimensions of the process in question. There are afew
cases where the full asymptotic expansion has been worked out, and there are
many more cases where some formal terms have been cal culated.

a. Formal expansions of singular equations (e.g., WKB methods). Several inves-
tigators, notably Knessl, Matkowski, Morrison, Schuss, and Tier [KMS, Mo1,
Mo2] have calculated quite accurate and explicit asymptotic expressions for
various large deviations problems using formal expansions. The main criti-
cism of these techniques (there are several that are employed) isthat thereisno
proof of their validity; in contrast, the student will note that in the present book,
about 50% of the pages are devoted to proving the validity of the methods we
employ. Martin Day providesrigorous proofsfor thevalidity, in some cases, of
formulae obtained by formal methods of the WK B type; seee.g., [D2]. Formal
methods often give moretermsin the asymptotic seriesthan the “rough” meth-
ods we employ. They do not usually give sample path information, though,
such as we obtain in Chapter 16.

b. Central limit expansions and moderate deviations. The quantities we estimate
are generalizations of

X1+ X2+ ...+ X
|P)<1+2ﬂ; +n2a)
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compared to the central limit quantity

X1+ X2+ ...+ Xn
P al.
( Jn )

Clearly thereis room to investigate the quantities

X1+ X2+ ...+ X
[P’<1+2+ +n2a)

v

nb+1/2

for0 < b < 1/2. Some of these questions have been approached by | bragimov
and Linnik [IL] and there has been agood deal of activity since then, for both
random variables and processes. See, eg., [DZ, § 3.7].

. Spectra methods. Many of the applications we analyze may a so be examined
using spectral methods. For example, the AMS model (Chapter 13) has been
investigated by A. Elwalid, D. Mitra, and T. Stern [EM S| among others. Some
of the calculations we do are provably equivalent to calculations done on the
spectrum; see, e.q., [C1].

. Calculus of variations methods, optimal control. You can view our approach
to probability problems as amethod for turning them into problemsin the cal-
culus of variations; hence, anything you know about such problemsis related
to our methods. The type of variational problems arising here also appear in
optimal control: of course optimal control and variational problems are them-
selves inextricably linked, e.g. [Yo, Ce]. In addition, there are several prob-
lems in recursive estimation theory, cf. [DK1, DK2], that can be solved via
large deviations techniques.

. Viscosity solutions. Variational problems can often be solved intermsof PDEs
(partial differential equations). One of the technical problems that arises is
smoothness of solutions. The so-called viscosity solutions turn out to be the
correct object (in terms of the degree of smoothness) for many variational
problems. Using this concept one can sometimes prove that formal calcula-
tions are correct, at least to first order. Barles, Evans, and Souganidis [BES]
and Dupuis, Ishii, and Soner [DIS] have used viscosity techniques to prove
large deviations principles for certain classes of systems. Reference [DIS] is
notable because it proves the principle for the very important case of Jackson
networks. In addition, viscosity solutions naturally lead to methods of solv-
ing PDEs (and hence variational problems) via successive approximations—a
procedure that can facilitate the numerical solution of some large deviations
problems.

. Entropy. Entropy and large deviationsareintimately related. We have deliber-
ately avoided thisrelationship, but others have exploited it to good effect. Ellis
[Ell] goesinto great detail, proving results on the Ising model among others.
All of information theory is based on Chernoff-type estimates; see, for exam-
ple, Bucklew’'s book [Bu]. Donsker and Varadhan [DV 3] showed how opti-
mal change of measure can be calculated viaentropy in avery general Markov
process setting. Kullback-Leibler information can be viewed as a large devi-
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ations quantity. Again, the reasons we avoid this fruitful subject are lack of
time, space, and our choice of applications.

. Importance sampling. Importance sampling is, in essence, the use of change

of measure to improve the accuracy of statistical estimates. It isincreasingly
important inthe simulation of rare events. Our approach to thelarge deviations
lower bound isequivalent to choosing an optimal importance sampling scheme
among a class of changed measures. For more details, see [CFM, Bu].

. Feynman path integrals. The Feynman-Kac formulacan be viewed as showing

that the exponential martingale we use isindeed amartingale. In other words,
our method for proving upper bounds is based on the reasoning behind Feyn-
man path integrals. For amore direct (but, so far as we know, unproven) con-
nection, see Gunther [Gu]. See also Brydges and Maya [BrM].

i. Steepest descent methods. Thefirst large deviationscal cul ationswere made by

steepest descent methods. It isanatural method, since thetransforms (Laplace
or Fourier) of sums of independent random variables are simply powers, and
steepest descent is then quite accurate for computing the inverse transform.



